We study the entanglement spectrum of a Chern insulator on a cylinder geometry, with the cut separating the two partitions taken parallel to the cylinder edge, at varying distances from the edge. In contrast to similar studies on a torus, there is only one cut, and hence only one virtual edge mode in the entanglement spectrum. The entanglement spectrum has a gap when the cut is close enough to the physical edge of the cylinder such that the edge mode spatially extends over the cut. This effect is suppressed for parameter choices where the edge mode is sharply localized at the edge. In the extreme case of a perfectly localized edge mode, the entanglement spectrum is gapless even if the smaller partition consists of a single edge row. For the single-row cut, we construct the corresponding entanglement Hamiltonian, which is a one-dimensional tight-binding Hamiltonian with complex long-range hopping and interesting properties. We also study and explain the effect of two different schemes of flux insertion through a ring described by such an entanglement Hamiltonian.
I. INTRODUCTION
The study of insulating topological states of matter has emerged as an intensely active field of research. For noninteracting systems there is a variety of topological states which have been identified and subsequently classified based on their elementary symmetries [1, 2] . The most prominent example of this kind are the integer quantum Hall insulator states [3] . Many other symmetry protected topological insulator states, such as for instance quantum spin Hall systems or three dimensional Z 2 topological insulators have been identified theoretically [4] [5] [6] [7] and also experimentally realized [8, 9] .
The entanglement spectrum (ES) [10] has attracted substantial attention as a theoretical tool to characterize and identify topological states. Given a partition of the system into parts 1 and 2, the entanglement spectrum is (the negative logarithm of) the spectrum of the reduced density matrix of part 1, which is obtained by tracing out the degrees of freedom of part 2 from the density matrix corresponding to the system ground state. Ref. [10] introduced the notion that the ES for a topological state contains a representation of the physical edge modes. Even though the system may not possess an edge (e.g., due to periodic boundary conditions), the cut separating the partitions serves as a virtual edge for the ES. This notion is important and relevant both for interacting topological states like fractional quantum Hall states and spin liquids [11, 12] and for non-interacting topological states [13] [14] [15] [16] [17] [18] [19] [20] [21] . The entanglement spectrum can be regarded as the spectrum of a 'Hamiltonian' that has support on part 1. This entanglement Hamiltonian can be thought of as possessing some of the properties of the physical Hamiltonian of the system, albeit with a boundary due to the restriction to part 1. When the system ground state is topological, the entanglement Hamiltonian is argued to also be a Hamiltonian with topological properties, and since part 1 has a boundary, the ES can be expected to display an edge mode. The general properties of the entanglement Hamiltonian, and the physical content of the ES, are not completely understood and remain a topic of active research.
In this work, we examine the entanglement spectrum of a two-dimensional Chern insulator on a cylinder geometry, i.e., on a system having periodic boundary conditions in one spatial direction but not in the other, similar to Ref. [16] . In such a system, there are physical chiral edge modes, in addition to the virtual edge modes present in the ES. We consider cuts parallel to the edges. By varying the distance to the edge, this setup allows us to study the interplay of the physical edge modes and the partitioning. In particular, when the smaller partition is small enough, the entanglement Hamiltonian should encode the physics of a single (virtual) chiral edge mode. This is a rather unusual opportunity, because chiral edge modes generally occur in pairs. We demonstrate that, when the cut is near enough to the edge so that the edge modes spatially cross the cut, the ES generically becomes gapped. This is analogous to topological matter on a thin strip, when the physical edge modes on opposite edges have the opportunity to hybridize and produce a gap in the spectrum. We use a Chern insulator model for which the localization of the boundary modes can be parametrically tuned, in particular, they can be made to localize sharply at the physical edge. At such special points, we find that the ES remains gapless, containing a single chiral channel, even when the cut is such that the partition contains only a single row at the edge.
Partitioning the system, such that the smaller subsystem contains only a single row, yields an effectively one-dimensional system. Since the ES has a chiral channel, the entanglement Hamiltonian must correspond to , between which the entanglement is calculated. The cut is parallel to the physical edges and is at variable distance from the edges; we choose N1 < N2.
a 1D chiral Hamiltonian, accomplished by complex longranged hopping. In this article, we study the properties of such entanglement Hamiltonians and argue that their ground states carry a so-called 'persistent current' [22] . We also study the effect of two different schemes of 'flux insertion' through the cylinder on the entanglement spectrum.
Outline -In Section II, we introduce the tunable model Hamiltonian we consider, and provide the definitions we use for the entanglement spectrum and the entanglement Hamiltonian. We use a 'single-particle' version of the ES, as is conventional in the literature on non-interacting topological insulators. In the same spirit, we also introduce a single-particle version of the entanglement Hamiltonian, which is a tight-binding hopping Hamiltonian. In Section III, we present the ES of a a cylindrical Chern insulator as a function of the distance of the cut towards an edge, see Fig. 1 . We characterize the gap in the ES and relate it to the size of the partition (distance between physical edge and entanglement cut) and the localization length of the edge mode. In Section IV, we extract and present the most prominent features of the entanglement Hamiltonian in the extreme case where the smaller partition contains just one row. Section V introduces the two schemes of flux insertion on the cylinder, discusses their properties and shows their relation to previous flux insertion and spectral flow studies on the torus [15, 23] . In contrast to the torus we find that no spectral flow is admitted on finite size systems. However, in the thermodynamic limit, spectral flow can occur for certain fine-tuned entanglement Hamiltonians.
II. MODEL PROPERTIES AND ENTANGLEMENT DEFINITIONS
A. The two-orbital Chern insulator Underlying our study in this paper is the so-called twoorbital Chern insulator [15] . The hopping Hamiltonian is given bŷ
where σ x,y,z are the standard Pauli matrices acting in the orbital space (the wave function Ψ is a spinor whose entries refer to the two orbitals involved) and m is a tuning parameter for the model (we assume henceforth a lattice constant a = 1). The model has trivial and non-trivial insulating phases: For 0 < m < 2 we have a band insulator with Chern number −1, for 2 < m < 4 we have a band insulator with Chern number +1 while for m > 4 and m < 0 we have a trivial band insulator with Chern number zero. At m = 0, 2, 4 the bulk spectrum is gapless and the system exhibits semimetallic behavior. The phase diagram is shown in Fig. 2 schematically showing the bulk gap as a function of m and the respective Chern numbers n. In the regime 0 < |m| < 4 (except for m = 2 where the bulk itself is gapless) we have chiral edge channels on the opposing edges of the cylinder. This is shown in Fig. 3 which shows the spectrum of a system on a cylindrical geometry (compare Fig. 1 ) with mass parameter m = 1 and m = 1.5 in the Chern insulating phase. The decay of the boundary modes into the bulk depends on the parameter m. When defining the corresponding localization length λ, we consider only the single-particle eigenstate directly below the chemical potential, as it turns out to be the boundary mode that is most relevant for the properties of the ES. As a measure for the localization length we use the square of the wavefunction and determine the distance λ when it has decayed to half its original value. Fig. 4 shows the behavior of λ as a function of the mass parameter m. We note that λ decreases upon approaching m = 1, 3 (at m = 1, 3 the boundary mode is exactly localized on the outermost row), and diverges upon approaching the gapless points of the spectrum, i.e., as one approaches m = 0, 4 (towards the trivial phases) or m = 2, where the Chern number is changed. B. Correlation matrix, the entanglement spectrum, and the entanglement Hamiltonian
For a system of free fermions, the entanglement spectrum of a subsystem can be obtained from the hermitian correlation matrix [24] 
where c n are fermionic operators, and the site/orbital labels m, n are restricted to be within the subsystem. Hereρ is the reduced density matrix of the subsystem. For non-interacting fermionic systems, all higher order correlation functions can be expressed in terms of the one-particle correlation matrix. Following common practice [15] [16] [17] [18] [19] [20] [21] , we show the spectra {ξ j } of the correlation matrix C and even refer to it as the entanglement spectrum. This is a 'single-particle' version of the entanglement spectrum that is studied in interacting systems. The reduced density matrix is related to the entanglement HamiltonianĤ viâ
where κ is a normalization constant. For free fermions, the entanglement Hamiltonian also takes a quadratic formĤ
It can be shown [24] that the eigenvalues ξ i of the correlation matrix C and the eigenvalue i of the entanglement HamiltonianĤ are in one-to-one correspondence via
The correlation matrix, if thought of as an operator, is also of quadratic form:
with γ † n = jū n j c † j obtained through a unitary transformation that diagonalizes the correlation matrix. One then findŝ
so that h nm = j log(ξ
Clearly, the operatorĈ can be interpreted as a hopping Hamiltonian with properties that are qualitatively similar to the entanglement Hamiltonian.
III. ENTANGLEMENT SPECTRUM OF A CHERN INSULATOR
A. Entanglement spectrum of a Chern insulator on a torus
We start with a short reminder of the entanglement spectrum for a cut on a torus geometry. On the torus there are two boundaries (cuts) between the two subsystems. One immediate consequence of this is the existence of two boundary modes (one chiral mode living at each boundary). Two typical entanglement spectra for a cut on the torus for m = 1 and m = 1.5 are shown in Fig. 5 . Note that there are many degenerate modes at energies 0 and 1, while the gap-crossing chiral modes are nondegenerate except at the crossing point at energy 1/2. This crossing point is protected by inversion symmetry as long as the system is cut into two partitions of equal
Entanglement spectrum of a Chern insulator with a) m = 1 and b) m = 1.5 on a torus geometry. The occurrence of two boundary modes is due to the existence of two boundaries.
size [15] . When reducing one of the two partitions while keeping the total system size fixed, the two virtual edge modes generically hybridize and open a gap, except at the special points m = 1, 3, where the chiral edge modes persist even when one of the partitions becomes arbitrarily small.
B. Entanglement spectrum of a Chern insulator in a cylinder geometry
We start with stating the main expectations for the entanglement spectrum of the system in Fig. 1 with open boundary conditions. Here, we focus solely on the properties in the topological phase:
(i) Instead of observing two edge modes connecting the upper and lower bands as in the torus geometry, compare Fig. 5 , we expect one edge mode if the cut is performed far away from the physical boundary since then we only probe the bulk of the system [16] .
(ii) Upon the cut approaching the physical edge the entanglement spectrum should detect that the system with open boundaries is not a topological insulator but instead a trivial insulator and consequently a gap should open in the entanglement spectrum, as expected for a trivial insulator.
(iii) The opening of the gap in the entanglement spectrum should be sensitive to the localization length of the boundary mode.
In order to support the first two points we have studied the entanglement spectrum upon varying the mass parameter m as well as the distance towards the physical boundary. The generic behavior, exemplified by choosing the mass parameter m = 0.15 is shown in the top row of Fig. 6 . We observe that there seems to be one gapless mode connecting the lower and upper bands when the cut is far away from the physical edge, i.e., when the number of rows N 1 in the smaller partition is significantly larger than 1. Significantly, a gap opens in the entanglement spectrum upon approaching the physical edge.
The qualitative behavior is different for the special point m = 1, 3 where the edge mode is spatially maximally restricted. This is shown in the second row of Fig. 6 . The aforementioned gap in the entanglement spectrum does not open, even for N 1 = 1, i.e., even if the cut is performed in the row adjacent to the system edge where the physical edge state is hosted. This happens since for this special value of the mass parameter the edge state is not localized exponentially at the physical edge, but instead exactly, which can be traced back to the flat dispersion of the lower edge of the bulk spectrum, shown in Fig. 3 .
We note that the Hamiltonian corresponding to the entanglement spectrum seemingly supports a single chiral channel realized in a one dimensional model. Since chiral modes are generally thought to occur in pairs in physical Hamiltonians, this is somewhat peculiar. We will investigate this aspect further in Sec. IV.
The foregoing discussion showed the sensitivity of the gap in the entanglement spectrum to the spatial extent of the physical edge state and the relative position of the cut. We will now demonstrate this more quantitatively. The localization length λ can be tuned by varying the mass parameter m, as discussed previously (Figure 4 ). Figure 7 shows the entanglement gap as a function of λ, for partitions containing one, two, four, and six rows.
In the dependence of the entanglement gap on the boundary localization length, we observe 'activated' behavior, roughly when λ reaches one-eighth of the number of rows in the partition. In other words, the entanglement gap is almost zero when the partition contains almost all the weight of the boundary mode, but becomes significant when a significant amount of the weight is outside the partition.
The 'activation' part of these curves are reasonably well described by a function of the form ∆(λ) ∼ exp −A0
A 1 +λ , with the exponent ≈ 3. The length scale of activation defined in this way, A 1 , is found to be approximately one-sixth of the number of rows in the partition.
IV. SINGLE-ROW ENTANGLEMENT HAMILTONIAN
Let us now discuss some general properties of the correlation matrix as defined in (6) . We consider the case where the system is cut after a single site and is effectively one-dimensional. The reduced correlation matrix is a hermitian matrix and thus can be used to define a one-dimensional hopping HamiltonianĈ. In the following this Hamiltonian will be denoted as the entanglement Hamiltonian. This is a minor abuse of notation as the entanglement HamiltonianĤ is defined by (7) instead. However, regarding the correlation matrixĈ as the entanglement Hamiltonian is consistent with the common practice [13, 15, 16] of focusing on {ξ j }, which are the eigenvalues ofĈ, instead of on the entanglement spectrum itself. Note that we can always reconstruct the full many-body entanglement spectrum from the eigenvalues ofĈ, implying that all the information about the system is already captured in the correlation matrix. As the system is translationally invariant, we can denote the hopping amplitudes ofĈ by C αβ (r) = φ αβ (r)|C αβ (r)|, where α and β denote the orbital degree of freedom and r is the distance between the sites (in units of the lattice constant).
We find that, everywhere in the topological regime, the entanglement Hamiltonian is long-ranged, even though the original Hamiltonian contains only nearest-neighbor hopping. For large systems the magnitudes of the hop- ping coefficients fall off as the inverse of the distance between the two sites. The absolute values of the hopping amplitudes for large distances are well described by
as shown in Figure 8 . When the system (1) is in the trivial regime, however, the corresponding entanglement Hamiltonian is always short-ranged. This behavior is not unexpected, as the ground state in the trivial phase can always be adiabatically connected to the atomic insulator, which by definition has a short-range entanglement Hamiltonian (see also Ref. [25] ). Let us also note the remarkable fact that the phases φ αβ (r) of the long-range hopping amplitudes are highly correlated for large values of r and independent of the orbital indices. More specifically, away from the phase transition points φ αβ (r) can be very well approximated by a linear function of r:
An example of this behavior is seen in Fig. 9 , where φ αβ (r) is plotted for m = 1 and system size N x = N y = 60. There is some deviation at small distances from the exact linearity. An interesting property of this Hamiltonian is that it shows the phenomenon of a so-called persistent current [22] . A simple way to see this is from the spectrum itself, shown in Fig. 6 (second row, leftmost panel) . The current can be determined as a summation of all the velocities j ∝ dE/dk for occupied states. Irrespective of the chemical potential we will only sum positive group velocities meaning there will always be a finite net current, leading to the persistent current.
We have seen in Sec. III B that for m = 1 the enanglement spectrum is not gapped even if the cut is performed in the row adjacent to the physical edge mode. Consequently, the spectrum looks as if it was a one dimensional chiral Hamiltonian. This seems contradictory to the fermion doubling theorem for systems with chiral and translational symmetry [26] , but the way out is via long-range hoppings (∼ 1 r ) which effectively mimics a higher dimensional system.
V. FLUX INSERTION INTO THE CYLINDER
Let us now discuss what happens when magnetic flux is threaded through the cylinder. This can be done in several, inequivalent ways. Following Ref. 16 the flux can be inserted in the original Hamiltonian. In this scenario, the Hamiltonian is invariant under 2π flux insertion, but the correlation matrix (and hence the entanglement Hamiltonian) are not, because the ground state evolves into an excited state. Under flux insertion the spectrum of the correlation matrix changes such that effectively one state is transported from ξ = 0 to ξ = 1 (or vice versa depending on the direction of the flux), but all other states transform into each other. Despite this change in the correlation matrix (and hence the entanglement spectrum) the authors of Ref. 16 concluded that the entanglement spectrum shows spectral flow.
However, when considering the correlation matrix as a hopping Hamiltonian, we can also insert flux in this effective Hamiltonian. This is not equivalent to the scheme explained above, because in this case, the spectrum has to be invariant under 2π flux insertion. In particular, we are interested how the flux insertion affects the spectrum at the fine-tuned points m = 1, 3, where the entanglement spectrum appears gapless with a single chiral channel. The appearance of a single chiral channel is worrisome as it suggests that a level can be transported upon flux insertion from the lower to the upper band, while the reverse process is not possible. This implies that the system cannot go back to itself upon adiabatic insertion of flux 2π if the upper and the lower band are indeed connected. Consequently, the existence of a chiral channel must be deceiving.
This can be seen most clearly when the mass parameter m = 1, 3. When the cut approaches the edge, i.e. the entanglement Hamiltonian becomes more and more one-dimensional, a gap opens in the entanglement spectrum. In this case, adiabatic flux insertion is expected to act separately on the upper and lower band and there is no spectral flow in the entanglement spectrum. At the special points the situation is more intriguing since there is no gap in the entanglement spectrum and a more thorough analysis of the effects of flux insertion is needed in order to determine whether or not adiabatic level transport between the bands is possible.
A consistent way to introduce flux in expression (6) and (7) is by changing the boundary conditions from periodic to c † α,Nx ≡ e iφ c † α,0 . The correlation matrix is written as a sum over the hopping range r:
and the boundary condition is consequently applied every time j + r ≥ N x . The factor 1/4 in the second line is needed to avoid double-counting. In this setup, the entanglement spectrum never shows spectral flow for finite size systems. When the Hamiltonian is not tuned to m = 1, 3, there is a gap in the spectrum and the eigenstates of the lower and upper band transform into each other separately, as expected. In the fine-tuned case, the situation is more complicated. However, for any finite system sizes, there is a finite-size gap preventing the transport of a level from the lower to the upper band. In the thermodynamic limit, the entanglement spectrum becomes discontinuous due to the long-range hopping and the special phase relations shown in Figs. 8 and 9 . In this case, the chiral mode transports a state from the lower to the upper band, but at the same time another state is transported from the upper to the lower band via the band discontinuity. As a result, the entanglement spectrum shows spectral flow in the thermodynamic limit at the special points m = 1, 3. As a final comment we should note, that inserting flux in the correlation matrix and the entanglement Hamiltonian is not equivalent in this setup. In particular, the eigenvalues are no longer connected by Eq. (5), when the flux is non-zero.
VI. CONCLUSION
In this work we have investigated the entanglement spectrum of Chern insulators in a half-open geometry as a function of the distance of the entanglement cut to the physical edge of the system. In contrast to the by-now standard entanglement studies which create and study virtual edge modes at the entanglement cut, this unusual setup is designed to study effects of the physical edge mode at the physical boundary on the entanglement spectrum and the entanglement Hamiltonian. In the extreme case where one of the partitions contains only a single row, the virtual and physical edges are the same. This is reminiscent of entanglement spectra studies of (non-topological) ladder systems with the cut between the two ladder legs [27] . We presented consequences of the interplay between the spatial extent of the edge mode and the cut position, exploiting the tunability of the model Hamiltonian to also examine special points where the physical edge mode is sharply localized.
Strictly speaking, in such a geometry the system is either a trivial insulator, if the edge modes are exponentially localized, or a metal if the edge modes are localized exactly. In the first case we observe an opening of the gap in the entanglement spectrum upon approaching the physical edge, while in the second case we find a seemingly single chiral channel. In the former case we found that no level transport across the gap is permitted accounting for the fact that the system with open boundaries is topologically trivial. In the latter, level transport is prohibited for any finite size system. In the thermodynamic limit, level transport between the upper and lower band is allowed at the expense of the spectrum becoming discontinuous.
We also analyzed the one dimensional entanglement Hamiltonian, obtained by placing the cut directly at the edge, in more detail. The resulting Hamiltonian, living on a closed chain, has remarkable properties, such as long-range hopping amplitudes with highly correlated complex phase factors. In addition, the ground state of this Hamiltonian hosts a persistent current. While the details depend on the value of the mass parameter, the generic properties remain the same throughout the topological phase. This persistent current in the entanglement Hamiltonian ground state is a reflection the virtual chiral edge mode of the subsystem. For generic mass parameters, the effective one-dimensional system is gapped. The corresponding spectrum is that of an insulator if the chemical potential is in this gap, although the notion of chemical potential for an entanglement Hamiltonian is somewhat ambiguous.
The question remains if these properties are a peculiarity of the particular model we chose or if they may be more general. In order to investigate this, we studied the properties of another simple topological insulator model on the checkerboard lattice, first introduced in Ref. [28] . Even though the details are different, we find that the main features remain the same. In particular, we find that the gapless, seemingly chiral channels can again persist even when cutting the system directly at the physical edge. The resulting one-dimensional entanglement Hamiltonian is long-range. The dependence of the phases of the complex hopping amplitudes on hopping distance is more complicated than the present case, but the overall trend is similar. This system also seems to support a persistent current.
Given this supporting information from a second topological insulator model, we believe that the features we have presented in this work are generic to Chern insulators. An intriguing conjecture is that analogous features might also be generic to interacting topological states. It is also interesting to ask how these results for 2D topological systems are generalized and modified for different classes of 3D topological insulators.
